Introduction {#Sec1}
============

Stochastic differential equations (SDEs) are used to model the dynamics of processes that evolve randomly over time. SDEs have found a range of applications in finance (e.g. stock markets, Hull [@CR14]), physics (e.g. statistical physics, Gardiner [@CR7]) and biology (e.g. biochemical processes, Wilkinson [@CR24]). Usually, the coefficients (model parameters) of SDEs are unknown and have to be inferred using observations from the systems of interest. Observations are typically partial (e.g. collected at discrete times for a subset of variables), corrupted by measurement noise, and may also be aggregated over time and/or space. Given these observed data, our task is to infer the process trajectory and estimate the model parameters.

A motivating example of stochastic aggregated data comes from biology and more specifically from luminescence bioimaging, where a luciferase reporter gene is used for studying gene expression inside a cell (Spiller et al. [@CR22]). The luminescence intensity emitted from the luciferase experiments is collected from single cells and is integrated over a time period (in certain cases up to 30 min, Harper et al. [@CR13]) and then recorded as a single data point. In this paper, we consider the problem of inferring SDE model parameters given temporally aggregated data of this kind.

Imaging data from single cells are highly stochastic due to the low number of reactant molecules and the inherent stochasticity of cellular processes such as gene transcription or protein translation. The chemical master equation (CME) is widely used to describe the evolution of biochemical reactions inside cells stochastically (Gillespie [@CR10]). Exact inference with the CME is rare and, even when possible, computationally prohibitive. In Golightly and Wilkinson ([@CR12]), the authors perform inference using a diffusion approximation of the CME, resulting in a nonlinear SDE. The linear noise approximation (LNA) (Kampen [@CR23]) has been used as an alternative approximation of the CME which is valid for a sufficiently large system (Komorowski et al. [@CR17]; Fearnhead et al. [@CR5]). According to the LNA, the system is decomposed into a deterministic and a stochastic part. The latter is described by a linear SDE of the following form:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathrm{d}X_t = a_tX_t \mathrm{d}t + b_t \mathrm{d}W_t, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_t$$\end{document}$ is a *d*-dimensional process, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_t$$\end{document}$ is a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(d\times d)$$\end{document}$-matrix-valued function, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W_t$$\end{document}$ is an *m*-dimensional Wiener process, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b_t$$\end{document}$ a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(d\times m)$$\end{document}$ matrix-valued function.
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                \begin{document}$$\varPhi _t$$\end{document}$ is the fundamental matrix of the homogeneous equation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$W_t$$\end{document}$ (Arnold [@CR1]). If we further assume that the initial condition *c* is normally distributed or constant, Eq. ([2](#Equ2){ref-type=""}) gives rise to a Gaussian process. Additionally, the solution of a (linear) SDE is a Markov process (Arnold [@CR1]). These properties of linear SDEs (of the form of Eq. ([1](#Equ1){ref-type=""})) are highly desirable when carrying out inference.

The approaches above do not treat the aggregated nature of luciferase data in a principled way but instead assume that the data are proportional to the quantity of interest at the measurement time (Harper et al. [@CR13]; Komorowski et al. [@CR17]). Here, we build on the work of Komorowski et al. ([@CR17]) and Fearnhead et al. ([@CR5]) and extend it to the case of aggregated data. Since we are using the LNA, the problem is equivalent to a parameter inference problem for the time integral of a linear SDE as in Eq. ([1](#Equ1){ref-type=""}): $\documentclass[12pt]{minimal}
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                \begin{document}$$\int _{t_0}^t X(u)\mathrm{d}u$$\end{document}$. We follow a Bayesian approach, where the likelihood of our model is computed using a continuous-discrete Kalman filter (Särkkä [@CR20]) and parameter inference is achieved using an MCMC algorithm. The paper is structured as follows: we first provide a description of the LNA as an approximation of the CME and introduce the integral of the LNA for treating temporally aggregated observations. We then describe a Kalman filter framework for performing inference with the LNA and its integral. Finally, we apply our method in three different examples. The Ornstein--Uhlenbeck process has been picked as a system where we can study its exact solutions. The Lotka--Volterra model was selected as an example of a nonlinear system with partial observations. The translation inhibition model was used to demonstrate our method with real data.

The linear noise approximation and its integral {#Sec2}
===============================================

The CME can be used to model biochemical reactions inside a cell. It is essentially a forward Kolmogorov equation for a Markov process that describes the evolution of a spatially homogeneous biochemical system over time.
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We are now interested in the integral of Eq. ([8](#Equ8){ref-type=""}), as this will allow us to model the aggregated data,$$\documentclass[12pt]{minimal}
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Kalman filter for the LNA and its integral {#Sec3}
==========================================

The classical filtering problem is concerned with the problem of estimating the state of a linear system given noisy, indirect or partial observations (Kalman [@CR16]). In our case, the state is continuous and is described by Eq. ([8](#Equ8){ref-type=""}) while the observations are collected at discrete time points with or without Gaussian noise. For this reason, we refer to it as the continuous-discrete filtering problem (Jazwinski [@CR15]; Särkkä [@CR20]).
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Following the Kalman filter (KF) methodology, we need to define the following quantities:Prior: $\documentclass[12pt]{minimal}
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                \begin{document}$$V_{t-1}$$\end{document}$. In our case, the mean of the stochastic part is initialised at 0, so $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi _t$$\end{document}$. By updating the deterministic solution at each observation point, we achieve a better estimate, as the ODE solution can become a poor approximation over long periods of time. The posterior distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$V_t$$\end{document}$ are given in "Appendix [A.3](#Sec11){ref-type="sec"}". This case has been thoroughly studied in Fearnhead et al. ([@CR5]).

We consider now the case where the state $\documentclass[12pt]{minimal}
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To compute the posterior distribution $\documentclass[12pt]{minimal}
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                \begin{document}$$p(y_t|y_{1:t-1}) = N(P_t\mu _{2t}^-,P_t\varSigma _{t}^-P^T_t+R_t)$$\end{document}$. Parameter inference is then straightforward either by using a numerical technique such as the Nelder--Mead algorithm to obtain the maximum likelihood (ML) parameters or using a Bayesian method such as a Metropolis-Hastings (MH) algorithm. The general procedure for performing inference using aggregated data is summarised in Algorithm 1.

The Ornstein--Uhlenbeck process {#Sec4}
===============================

We first investigate the effect of integration in a one-dimensional, zero-mean OU process of the following form:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma $$\end{document}$ is the diffusion constant. Both of these parameters are assumed to be unknown, and we will try to infer them using the KF scheme that we have developed.

The OU process is a special case of a linear SDE (Eq. ([1](#Equ1){ref-type=""})), since its coefficients are time invariant, resulting in a stationary Gaussian--Markov process. Analytical solutions for both the OU and its integral exist (Gillespie [@CR11]) and are presented in "Appendix [A.4](#Sec12){ref-type="sec"}". The results for the mean $\documentclass[12pt]{minimal}
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We have generated aggregated data from the integral of an OU process with $\documentclass[12pt]{minimal}
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We tested inference using KF1 with normalised data and KF2 with aggregated data. Results of parameter estimation using a standard random walk MH algorithm are presented in Table [1](#Tab1){ref-type="table"}. Improper uniform priors over infinite range have been used on the log parameters, while different time intervals $\documentclass[12pt]{minimal}
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It is of interest to investigate the inferred stationary variance of the OU process using KF1 and KF2. We have plotted the inferred stationary variances obtained by the MH for both KF1 and KF2 in Fig. [1](#Fig1){ref-type="fig"}. The boxplots are obtained using the average of 10 different datasets and correspond again to an OU process with $\documentclass[12pt]{minimal}
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In this section, we have looked at an example of inferring the parameters of an SDE using aggregated data, and we have found that to obtain accurate results we need to explicitly model the aggregated process. As the observation intervals become larger, there is a greater mismatch between KF1 and KF2. In the next two sections, we will look at examples of more complex stochastic systems that must be approximated by the LNA and compare again inference results using KF1 and KF2.

Lotka--Volterra model {#Sec5}
=====================

We are now going to look at a system of two species that interact with each other according to three reactions $$\documentclass[12pt]{minimal}
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                \begin{document}$$X_2$$\end{document}$ predator species. Although a simple model, it has been used as a reference model (Boys et al. [@CR3]; Fearnhead et al. [@CR5]) since it consists of two species, making it possible to observe it partially through one of the species and also provides a simple example of a nonlinear system.

The LNA can be used to approximate the dynamics and the resulting ODEs can be found in "Appendix [A.8](#Sec16){ref-type="sec"}". We want to compare parameter estimation results using KF1 and KF2. We collected aggregated data from a Lotka--Volterra model using the Gillespie algorithm. We assumed a known initial population of 10 prey species and 100 predator species. The parameters of the system for producing the synthetic data were set to $\documentclass[12pt]{minimal}
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The Gillespie algorithm was run for 20 min. Data were aggregated and collected every 2 min resulting in 10 observations per sample. To infer the parameters, we assumed that we had 40 independent samples available. Since we assumed independence between the samples, we worked with the product of their likelihoods. In the ideal case of having complete data of a stochastic kinetic model the likelihood is conjugate to an independent gamma prior for the rate constants (Wilkinson [@CR24]). The choice of Ga(2,10) with shape $\documentclass[12pt]{minimal}
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                \begin{document}$$10^{-4}$$\end{document}$) that resulted in equivalent posterior distributions. Since we know that we want all parameters to be positive, we worked with a log transformation. MCMC convergence in this example is relatively slow and adaptive MCMC (Sherlock et al. [@CR21]) was found to speed up convergence (see "Appendix [A.9](#Sec17){ref-type="sec"}" for details). The adaptive MCMC was run for 30K iterations with 10K regarded as burn-in. The MCMC was initialised at random values sampled from uniform distributions. Parameter estimation results for all three parameters using adaptive MCMC are shown in Table [2](#Tab2){ref-type="table"}, while Fig. [2](#Fig2){ref-type="fig"} shows histograms of their posterior densities. The ground truth value for each parameter is indicated by a vertical blue line. We can see that only the posterior histograms corresponding to KF2 include the correct estimate for all three parameters in their support. In "Appendix [A.15](#Sec23){ref-type="sec"}", we have included traceplots of the MCMC runs for all three parameters, where we can see that the adaptive MCMC leads to a fast convergence for both KF1 and KF2. In order to verify the validity of our results, we have run an extra 100 datasets, each consisting of 40 independent samples and obtained point estimates from KF1 and KF2 using the Nelder--Mead algorithm. The results can be found in "Appendix [A.10](#Sec18){ref-type="sec"}" and agree with our previous conclusion that inference with KF1 gives inaccurate estimates.Table 2Mean posterior ± 1 s.d. for $\documentclass[12pt]{minimal}
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Assuming knowledge of the parameter values, we can also use the KF for trajectory inference. In Fig. [3](#Fig3){ref-type="fig"}, we demonstrate filtering results for the prey population assuming that we have aggregated data. We simulated a trajectory using $\documentclass[12pt]{minimal}
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                \begin{document}$$\theta _1 = 0.5 ,\theta _2 = 0.0025,\theta _3 =0.3$$\end{document}$ and sampled aggregated data every 2 min. Black lines represent the true trajectory of the populations. We see that the inferred credible region with KF1 does not contain the true underlying trajectory in many places. Note that red dots correspond to normalised (aggregated) observations for KF1 and aggregated observations for KF2, so they do not have the same values. In "Appendix [A.16](#Sec24){ref-type="sec"}", we include filtering results for the unobserved predator population.Fig. 3Filtering results for the prey population. Red dots correspond to aggregated observations for KF2 and normalised observations for KF1. The black line represents the actual process. Purple lines represent the mean estimate and green 1 s.d. . **a** Filtering results for the prey population using KF1. **b** Filtering results for the prey population using KF2

Translation inhibition model {#Sec6}
============================

In this example, we are interested in inferring the degradation rate of a protein from a translation inhibition experiment. We model the translation inhibition experiment by the following set of reactions where *R* stands for mRNA and *P* for protein: $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&P\xrightarrow {{d_PP/\varOmega }}\oslash \text { (protein degradation)} \end{aligned}$$\end{document}$$ The LNA is used, again, as an approximation of the dynamics and the resulting system of ODEs can be found in "Appendix [A.11](#Sec19){ref-type="sec"}". Before applying our method to real data from this system, we test the performance on synthetic data simulated using the Gillespie algorithm. We simulated 30 time series (corresponding to 30 different cells), assuming the following values as the ground truth for the kinetic parameters: $\documentclass[12pt]{minimal}
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Again we use an adaptive MCMC algorithm (Sherlock et al. [@CR21]). Non-informative exponential priors with mean $\documentclass[12pt]{minimal}
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We then applied our model to single cell luciferase data from a subset of 11 pituitary cells (Harper et al. [@CR13]). Parameter estimation results using the same adaptive MCMC are summarised in Table [4](#Tab4){ref-type="table"}. The MCMC was run for 100K iterations out of which 60K were discarded as burn-in. Again, we observe that, using KF1, we get a higher $\documentclass[12pt]{minimal}
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                \begin{document}$$m_0$$\end{document}$ and a slightly lower noise level *s*. Posterior histograms of the degradation rates are shown in Fig. [4](#Fig4){ref-type="fig"}. A deterministic approach for fitting the data would give a degradation rate of around 1.02 and, as we can see, this value is included in both histograms of Fig. [4](#Fig4){ref-type="fig"}. To check convergence using the Gelman--Rubin statistic, we have run 3 different chains with different initialisations. MCMC traces for both KF1 and KF2 are shown in "Appendix [A.18](#Sec26){ref-type="sec"}" (Fig. [12](#Fig12){ref-type="fig"} and [13](#Fig13){ref-type="fig"}) where we can see that the three chains are very close to each other, corresponding to a Gelman--Rubin statistic close to 1.Table 4Mean posterior ± 1 s.d. for $\documentclass[12pt]{minimal}
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Fig. 4Posterior histograms of degradation rate using KF1 and KF2

Discussion {#Sec7}
==========

We have presented a Bayesian framework for doing inference using aggregated observations from a stochastic process. Motivated by a systems biology example, we chose to use the LNA to approximate the dynamics of the stochastic system, leading to a linear SDE. We then developed a Kalman filter that can deal with integrated, partial and noisy data. We have compared our new inference procedure to the standard Kalman filter which has previously been applied in systems biology applications approximated using the LNA. Overall, we conclude that the aggregated nature of data should be considered when modelling data, as aggregation will tend to reduce fluctuations and therefore the stochastic contribution of the process may be underestimated.

In Sect. [4](#Sec4){ref-type="sec"}, we described the different properties of a stochastic process and its integral in the case of the Ornstein--Uhlenbeck process. We showed that one cannot simply treat the integrated observations as proportional to observations coming from the underlying unintegrated process when carrying out inference. As the aggregation time window increases, parameter estimates using this approach become less accurate and the inferred stationary variance of the process is underestimated. In contrast, our modified KF is able to accurately estimate the model parameters and stationary variance of the process.

In Sect. [5](#Sec5){ref-type="sec"}, we have demonstrated the ability of our method to give more accurate results in a Lotka--Volterra model given synthetic aggregated data. In Sect. [6](#Sec6){ref-type="sec"}, we looked at a real-world application with data from a translation inhibition experiment carried out in single cells. As the LNA depends on its deterministic part, and in a deterministic system integration is dealt with reasonably well using the simple proportionality constant approach, some of the system parameters, such as the degradation rate, can be inferred reasonably well by the standard non-aggregated data approach. However, neglecting the aggregated nature of the data does lead to a significantly larger estimate of the initial population of molecules even in this simple application. This is consistent with our observation that neglecting aggregation will tend to underestimate the scale of fluctuations as it is the number of molecules that determines the size of fluctuations in this example. In models where noise plays a more critical role, e.g. systems with noise-induced oscillations, the effect of parameter misspecification could have more serious consequences on model-based inferences.

Our proposed inference method can deal with the intrinsic noise inside a cell, measurement noise and temporal aggregation. However, cell populations are highly heterogeneous, and cell-to-cell variability has not been considered in our current inference scheme. It would be possible to deal with cell-to-cell variability using a hierarchical model (Finkenstädt et al. [@CR6]) which could be combined with the integrated data Kalman Filter developed here.

All experiments were carried out on a cluster of 64bit Ubuntu machines with an i5-3470 CPU @ 3.20 GHz x 4 processor and 8 GB RAM. All scripts were run in Spyder (Anaconda 2.5.0, Python 2.7.11, Numpy 1.10.4). Code reproducing the results of the experiments can be found on GitHub <https://github.com/maria-myrto/inference-aggregated>.

Appendix {#Sec8}
========

Mean and variance of the integrated process {#Sec9}
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Useful Gaussian identities {#Sec10}
--------------------------

Let x and y be jointly Gaussian random vectors:$$\documentclass[12pt]{minimal}
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Update equations of a discrete Kalman Filter {#Sec11}
--------------------------------------------
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Analytical solutions for the OU process and its integral {#Sec12}
--------------------------------------------------------
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Frequently used integrals for part ([A.4](#Sec12){ref-type="sec"}) {#Sec13}
------------------------------------------------------------------
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Exact updating formula of OU process {#Sec14}
------------------------------------
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Average over 10 datasets---OU example {#Sec15}
-------------------------------------

See Table [5](#Tab5){ref-type="table"}.

LNA for Lotka--Volterra model {#Sec16}
-----------------------------

The Lotka--Volterra model ([23](#Equ27){ref-type=""}) gives rise to the stoichiometry matrix,$$\documentclass[12pt]{minimal}
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For the diffusion terms, we only need to compute the variance of the resulting Gaussian process since we restart the stochastic part at each observation point in accordance with (Fearnhead et al. [@CR5]).$$\documentclass[12pt]{minimal}
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Adaptive MCMC {#Sec17}
-------------
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                \begin{document}$$\approx 0.3$$\end{document}$.Fig. 9MCMC traceplots for the LV experiment using an adaptive MCMC algorithm. **a** MCMC traceplots for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta _1$$\end{document}$. **b** MCMC traceplots for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta _2$$\end{document}$. **c** MCMC traceplots for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta _3$$\end{document}$ Fig. 10Filtering results for the predator population. Red dots correspond to aggregated observations, and the black line represents the actual process. Purple lines represent the mean estimate and green 1 s.d. . **a** Filtering results for the predator population using KF1. **b** Filtering results for the predator population using KF2

Nelder Mead results for LV model {#Sec18}
--------------------------------

See Table [6](#Tab6){ref-type="table"}.

LNA for translation inhibition model {#Sec19}
------------------------------------

The following model is being assumed where R and P stand for the (numbers of) gene mRNA and protein, respectively: $$\documentclass[12pt]{minimal}
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The deterministic part is now given by:$$\documentclass[12pt]{minimal}
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OU and aggregated OU process {#Sec20}
----------------------------

See Fig. [5](#Fig5){ref-type="fig"}.

OU traceplots {#Sec21}
-------------

Figures [6](#Fig6){ref-type="fig"} and [7](#Fig7){ref-type="fig"} show samples of the OU parameters during the MCMC runs.Fig. 13Three MCMC chains of the posterior vector $\documentclass[12pt]{minimal}
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                \begin{document}$$(c_p,d_p,s,k,m_0)$$\end{document}$ using single cell data with KF2

Filtering results for OU process using aggregated data {#Sec22}
------------------------------------------------------

See Fig. [8](#Fig8){ref-type="fig"}.

MCMC traces from LV experiment {#Sec23}
------------------------------

See Fig. [9](#Fig9){ref-type="fig"}.

Filtering results for the predator population {#Sec24}
---------------------------------------------

See Fig. [10](#Fig10){ref-type="fig"}.

MCMC traces for Translation inhibition example with synthetic data {#Sec25}
------------------------------------------------------------------

See Fig. [11](#Fig11){ref-type="fig"}.

MCMC traces for translation inhibition example with single cell data {#Sec26}
--------------------------------------------------------------------

See Figs. [12](#Fig12){ref-type="fig"} and [13](#Fig13){ref-type="fig"}
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